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We investigate the relation between a refined version of Leggett and Garg conditions for macro-
realism, namely the no-signaling-in-time (NSIT) conditions, and the quantum mechanical notion
of nondisturbance between measurements. We show that all NSIT conditions are satisfied for any
state preparation if and only if certain compatibility criteria on the state-update rules relative to the
measurements, i.e. quantum instruments, are met. The systematic treatment of NSIT conditions
supported by structural results on nondisturbance provides a unified framework for the discussion
of the the clumsiness loophole. This extends previous approaches and allows for a tightening of the
loophole via a hierarchy of tests able to disprove a larger class of macrorealist theories. Finally, we
discuss perspectives for a resource theory of quantum mechanical disturbance related to violations
of macrorealism.
I. INTRODUCTION
The notion of macrorealism can be traced back to the
intuition that assigning a definite value to a macro-
scopic variable, e.g. the position of the moon, should be
possible at any time and that, in principle, one should
be able to observe such a value with negligible distur-
bance. A paradigmatic example showing the counter-
intuitive consequences of violating these assumptions is
the famous thought experiment by Schro¨dinger involv-
ing a cat in a superposition of being dead and alive.
Leggett and Garg [1, 2] formalized the assumptions
as macrorealism per se and noninvasive measurability
with the goal of testing these principle in the labora-
tory. For this purpose they derived conditions that ob-
served statistics must satisfy. The results are the so-
called Leggett-Garg inequalities (LGI), which similarly
to Bell inequalities [3] are able to put at test quantum
mechanics versus the predictions of macrorealist theo-
ries.
In contrast to Bell scenarios in which laboratories are
far apart, in a single system evolving in time signalling
is possible in one direction, i.e., the direction of time
flow. Connected with this fact, refinements of the orig-
inal LGI have been proposed (cf., e.g., Refs. [4–9]) lead-
ing to the so-called no-signaling-in-time (NSIT) con-
ditions. Importantly, NSIT conditions provide neces-
sary and sufficient conditions for an observed probabil-
ity distribution to admit a macrorealist model [9], pro-
vided that the sequence of maximal length is measur-
able [10]. The NSIT conditions have a direct interpre-
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tation in terms of disturbance introduced by the mea-
surement apparatus on the system. For the simple case
of a single observable measured at two time steps, say
Q(t1) evolving into Q(t2), the NSIT condition is satis-
fied if by monitoring Q(t2) one cannot detect whether
a measurement of Q(t1) has been performed. In other
words, Q(t1) cannot “disturb” the statistics of Q(t2).
From an experimental perspective, it is evident that
the disturbance leading to a violation of NSIT may be
classically explainable in terms of imperfections in the
measurement apparatus. Thus, a major challenge opens
in all practical Leggett-Garg tests, the clumsiness loop-
hole [11]. Such loophole cannot be completely closed
due to practical, i.e., unavoidable imperfections, as well
as fundamental reasons, e.g., the Heisenberg principle
in its instance about the fundamental disturbance asso-
ciated with measurements of incompatible observables
(cf Ref. [12]). So far, several experiments have been per-
formed showing the violation of LGI, see, e.g., Ref. [2]
for a review of older experiments and Refs. [13–20] for
more recent ones. Furthermore, ways of tightening the
loophole have been proposed and implemented, which
include special measurement implementations and ad-
ditional tests involving different evolutions or different
preparations [1, 11, 13, 16, 18, 21–24].
At this point, it is worth noticing that in the NSIT
conditions, as well as in Bell inequalities, the concept
of observable is specified only at the level of its out-
come statistics. From a quantum mechanical perspec-
tive, the most general way to associate a probability
distribution to a measurement is through a so-called
Positive Operator-Valued Measure (POVM), that general-
izes the definition of observable as an Hermitian oper-
ator. The latter can be seen as a Projector Valued Measure
(PVM). The notion of POVM provides nontrivial com-
patibility properties and a richer structure than that al-
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2lowed by PVMs. In the case of PVMs, in fact, all def-
initions of compatibility reduce to commutativity [25–
27], while this is not the case for general POVMs. In
particular, it is known that the compatibility notion of
quantum nondisturbance is weaker than commutativ-
ity, i.e., examples of POVMs that are noncommuting
and yet nondisturbing have been found [25]. Thus, it
makes sense to consider the most general quantum ob-
servables, namely POVMs, for a systematic analysis of
NSIT constraints in quantum mechanics, and for fur-
ther tightening of the clumsiness loophole.
In order to minimize the assumptions to be made
in practical tests, it is important to separate the un-
avoidable experimental imperfections, i.e., the “clum-
siness” associated with a specific experimental realiza-
tion, from the fundamental limitations predicted by
quantum mechanics for measurements of incompatible
observables. Following this approach, we show how a
systematic analysis of NSIT constraints from the per-
spective of the quantum notion of disturbance allows
to tighten the clumsiness loophole, in the same spirit as
Wilde and Mizel [11] and George et al. [22]. In partic-
ular, the assumption of noninvasive measurements can be
weakened to a generalized notion of noncolluding mea-
surements [11]. This allows one to design more refined
experimental tests of macrorealism for which an expla-
nation in terms of “clumsy” measurements is harder to
maintain.
Our starting point is the formal notion of nondistur-
bance for pairs of quantum observables introduced in
Ref. [25] (see also Refs. [26, 27]). This notion can be
shown to correspond to the NSIT condition for two
measurements when optimization over all states and
measurement implementations is performed. Follow-
ing this analogy, we define nondisturbance conditions
for arbitrary sequences of measurements and prove that
if certain minimal subset of them is satisfied, then it is
possible to satisfy macrorealism with all state prepara-
tions. After that, we prove the existence of certain com-
patibility structures such as existence of pairwise mu-
tually nondisturbing POVMs, which become disturbing
when measured in a longer sequence. On the one hand,
these structures allow one to design stronger tests of
macrorealism as anticipated above. On the other hand,
we show that these structures must be taken into ac-
count in order to define a meaningful measure for vi-
olations of macrorealism. Finally, we give an example
of such a measure and study the operations that do not
increase it.
The paper is organized as follows. Sec. II contains
a short conceptual review of macrorealism and NSIT
conditions (Sec. II A) as well as quantum incompatibil-
ity (Sec. II B). The main results are stated in Sec. III.
Namely, we define nondisturbance conditions for arbi-
trary sequences of measurements and associate them
with NSIT conditions. Moreover, we investigate the
structural aspects of quantum disturbance (Sec. III C)
and discuss how our analysis unifies and extends pre-
vious approaches to the clumsiness loophole (Sec. III B).
In Sec. IV, we discuss a possible resource-theoretical ex-
tension of our approach by defining a measure of quan-
tum disturbance connected with the violation of macro-
realism and investigating the operations that do not in-
crease it. Finally in Sec. V, we present the conclusions
and the outlook for near-future developments.
II. PRELIMINARY NOTIONS
A. Macrorealism and No-Signalling In Time
Macrorealist theories are defined by two assump-
tions: macrorealism per se (MRps) and noninvasive
measurability (NIM). Such assumptions provide condi-
tions on the measurement outcome probabilities in a
sequential measurement scenario. They can be cast as
• (MRps): It is possible to assign a definite value to
Q(t) at any time t
• (NIM): The value of Q(t) can be measured with
arbitrary small disturbance of its subsequent evo-
lution.
The first condition implies that the distribution of Q(t)
at different instants of time is given by a classical vari-
able, whereas the second one implies that we can find a
nondisturbing measurement implementation, such that
the probability distribution does not change as a conse-
quence of our measurement procedure.
Let us explain this with a simple example (depicted
in Fig. 1). Consider a single qubit in an initial state
|Ψ〉 and a sequence of two projective measurements
Q(t1) = σz and its time evolved version Q(t2) =
exp(ipiσy)σz exp(−ipiσy) = σx. Using the projection
postulate, we can compute the joint probability of out-
comes (q1, q2) as
p(q1, q2) = 〈Ψ|Πq1σzΠq2σxΠq1σz |Ψ〉 , (1)
where we indicated with {Πqσz/x}q=±1 the projectors
onto the eigenstates of σz/x respectively. On the other
hand, for a similar sequence in which the first measure-
ment is not performed we have
p(q2) = 〈Ψ|Πq2σx |Ψ〉 . (2)
For the initial state |Ψ〉 = |1〉z (an eigenstate of σz)
we have p(q2) = ∑q1 p(q1, q2), i.e., we cannot detect
whether a measurement of σz was performed and the
outcome discarded before the measurement of σx. With
this initial state macrorealism is satisfied. However, if
we choose an eigenstate of σx as the initial state, i.e.,
|Ψ〉 = |1〉x = 1√2 (|1〉z + |−1〉z) we have ∑q1 p(q1, q2) =
1/2 for both outcomes q2 = ±1 while p(q2) = δq21.
Hence, for the second choice of initial state (and for the
3|Ψ〉 Πq1σz
Q(t1) = σz
q1
Πq2σx
Q(t2) = σx
q2
U(t1, t2)
σz
σx
|Ψ〉 1
Q(t1) = 1
0
Πq2σx
Q(t2) = σx
q2
U(t1, t2)
FIG. 1. Two simple sequences of two measurements that lead
to a violation of macrorealism: From an initial state |Ψ〉 ei-
ther a projective measurement of σz or no measurement is
performed, followed by a unitary rotation σz 7→ σx and a pro-
jective measurement of σx. For an initial superposition state
|Ψ〉 = 1√
2
(|1〉z + |−1〉z) violation of macrorealism can be ob-
served.
same sequence) macrorealism is not satisfied when us-
ing the projection postulate. Note also that, even with
the first choice of initial state |Ψ〉 = |1〉z, one can ob-
serve the violation of macrorealism by choosing a dif-
ferent (e.g. noisy) implementation of the first measure-
ment. Alternatively, using the projection postulate fol-
lowed by a measure-and-prepare channel (preparing al-
ways the state |1〉x on every run) observations are con-
sistent with macrorealism even when the initial state is
|1〉x. With this, we emphasize again that the notion of
macrorealism is deeply connected with preparations as
well as with measurement implementations.
To simplify the subsequent discussion, let us fix
some notation. We consider probability distributions
p(q1, . . . , qn|s1, . . . , sn), where qi denotes the outcome
at time ti and si denotes the corresponding measure-
ment setting. In this work, we restrict to the case of two
measurement settings. We label the event “no measure-
ment” as 0 (and a fixed outcome q = 0) and the event
“measurement” as 1. On the one hand, this simplifies
the notation and the discussion of nondisturbance con-
ditions. On the other hand, our construction can be
straightforwardly generalized to the case of an arbitrary
number of measurement settings. Note, moreover, that
the case of s = 0, 1 is closest to the original one in-
troduced by Leggett and Garg. We write the proba-
bility distribution compactly as p(q1→n|s1→n), where
q1→n = (q1, . . . , qn) and s1→n = (s1, . . . , sn).
Consider a variable Q, representing a (macroscopic)
physical quantity evolving in time. The NIM as-
sumption implies that the marginals of the probabil-
ity distribution of a whole sequence of measurements
are independent of the measurement setting associated
with the outcome we sum over. For a sequence of
just two measurements and two settings this means
∑q1 p(q1, q2|0, s2) = p(0, q2|0, s2) = ∑q1 p(q1, q2|1, s2),
where the first equality is just a rephrasing of the fact
that for the setting s1 = 0 there is only one fixed out-
come q1 = 0.
For a sequence of three measurements MRps and
NIM result in the following constraints:
p(0, q2, q3|0, s2, s3) =∑
q1
p(q1, q2, q3|1, s2, s3),
for (s2, s3) 6= (0, 0), (3a)
p(q1, 0, q3|s1, 0, 1) =∑
q2
p(q1, q2, q3|s1, 1, 1), (3b)
where again we associate only the outcome 0 for set-
ting si = 0, i.e., “no measurement”. As before, the
above equalities imply that it is not possible to detect
from the observed statistics whether a measurement
has been performed and the outcome discarded at some
point in the sequence. For example, Eq. (3b) demands
the impossibility of detecting from the joint statistics at
times t1 and t3 whether a measurement has been per-
formed at t2. Consequently, these conditions are called
no-signaling in time (NSIT) conditions [6].
Further constraints come from the time ordering and
are called arrow of time (AoT) constraints [9]:
p(q1, q2, 0|s1, s2, 0) =∑
q3
p(q1, q2, q3|s1, s2, s3), (4a)
p(q1, 0, 0|s1, 0, 0) =∑
q2
p(q1, q2, 0|s1, s2, 0), (4b)
which correspond to constraints of no-signalling from
the future to the past. These conditions, together with
the positivity constraints p(q1, q2, q3|s1, s2, s3) ≥ 0 de-
fine the so-called AoT polytope [9].
The intersection of (AoT) and (NSIT) gives the set of
probabilities achievable in macrorealism (MR) [9]. In
the example above we can already observe that some of
the (NSIT) conditions become redundant when we take
into account also (AoT).
Remark 1. Assuming all of Eqs. (4), the set of Eqs. (3) re-
duces to the following three independent conditions (in the
two settings si = 0, 1 case):
p(0, q2, q3|0, 1, 1) =∑
q1
p(q1, q2, q3|1, 1, 1), ∀q2, q3, (5a)
p(q1, 0, q3|1, 0, 1) =∑
q2
p(q1, q2, q3|1, 1, 1), ∀q1, q3, (5b)
p(0, 0, q3|0, 0, 1) =∑
q2
p(0, q2, q3|0, 1, 1), ∀q3, (5c)
Proof.—Clearly the conditions in Eq. (5) are a subset
4of the conditions in Eq. (3). For the other direction, two
cases remain to be checked. First, in Eq. (3a) the case
(s2, s3) = (0, 1) is implied by Eq. (5a), Eq. (5b), and
Eq. (5c). Second, in Eq. (3a) the case (s2, s3) = (1, 0) is
implied by Eq. (4a) and Eq. (5a).
The NSIT and AoT conditions can be written for ar-
bitrary sequences. The AoT conditions read
p(q1→i|s1→i) = ∑
qi+1
p(q1→i+1|s1→i+1), (6)
for all i, q1→i and s1→i, where we also simplified the
notation by not writing the zeros at the end of the se-
quences of q’s and s’s. The general NSIT conditions
take the form
p(q1→i−1, 0, qi+1→n|s1→i−1, 0, si+1→n)
=∑
qi
p(q1→n|s1→n), (7)
for all i, q1→n and s1→n with (si+1, . . . , sn) 6= (0, . . . , 0).
Again, the idea is that we cannot detect whether a mea-
surement has been performed, and its outcome dis-
carded, at some point in the measurement sequence.
The notions of NSIT and AoT need not to be re-
stricted to the case of a single physical quantity Q evolv-
ing in time. For example, we could have several differ-
ent measurements at each instant of time, which are
not necessarily the time evolved versions of the previ-
ous ones. This possibility is still consistent with the no-
tion of macrorealism and noninvasive measurability for
multiple physical quantities, as well as with the notion
of signalling in time. Moreover, the quantum notion
of disturbance is naturally defined in terms of multi-
ple observables rather than only one observable evolv-
ing in time. Thus, in the following section we consider
the general case, i.e., measurements not necessarily con-
nected by time evolution, and translate the above con-
ditions into a notion of nondisturbance for sequences of
quantum measurements.
B. Quantum nondisturbance
General quantum observables are described by
positive-operator valued measures (POVM), i.e., collec-
tions of operators E = {Ex}x, such that Ex ≥ 0 and
∑x Ex = 1 , where 1 denotes the identity operator. Each
Ex is associated to an outcome x, and its probability
for a state ρ is given the Born rule Prob(x) = tr [ρEx].
This gives the outcome probabilities, but not the state
transformations after the measurement. In text books of
quantum mechanics, state transformations are typically
given through the Lu¨ders’ rule [28], i.e., ρ 7→ √Exρ
√
Ex.
Such mapping is a special case of a more general set of
transformations called quantum instruments. A quan-
tum instrument associated with a POVM E is a collec-
tion of maps {IxE}x that satisfies
IxE completely positive (CP),
ΛIE :=∑
x
IxE trace preserving (TP) : Λ∗IE(1 ) = 1 ,
(IxE)∗(1 ) = Ex, (8)
where (IxE)∗ denotes the adjoint of IxE, which maps
observables into observables (Heisenberg picture) and
ΛIE is the total channel corresponding to the sum of
all instrument elements. Note that the correspondence
between POVMs and instruments is one to many. For
example, composing each IxE with a quantum channelEx (CPTP map) results in Ex ◦ IxE, which still satisfies
Eq. (8). Interestingly, all instruments associated with
the POVM E are of this form with the initial instru-
ment given by the Lu¨ders instrument, i.e. IxEL($) =√
Ex$
√
Ex [29].
We can now recall the definition of quantum nondis-
turbance from Ref. [25]. A POVM A = {Ax}x is said
to be nondisturbing with respect to a POVM B = {By}y,
denoted by A ND→ B, if there exists an instrument {IxA}x
of A such that
∑
x
tr
[IxA(ρ)By] = tr [ρBy] for all y and ρ. (9)
The above condition can be written equivalently in the
Heisenberg picture as
Λ∗IA(By) = By for all y, (10)
where we have again used the notation Λ∗IA := ∑x(IxA)∗
for the total channel of {IxA}x. In terms of probabilities,
i.e., p(y|B) = tr [ρBy] and p(x, y|A,B) = tr [IxA(ρ)By],
one sees that the above constraint is identical to an NSIT
condition, e.g., Eq. (5c), for all possible state prepara-
tions ρ. If condition (9) holds in both directions, i.e.,
A
ND→ B and B ND→ A, we write A ND↔ B.
Nondisturbance comes with two special cases that
we briefly review together with the basic results on
the topic, see Refs. [25–27]. We call a measurement
A of the first kind, whenever it is nondisturbing with
respect to itself, i.e., A ND→ A. If, furthermore, there
exists an instrument {IxA}x associated to A such that
(IxA)∗(Ay) = δxy Ay, where δxy is the Kronecker sym-
bol, A is called repeatable. Repeatable measurements
are characterised as POVMs with every POVM ele-
ment having an eigenvalue 1. Separate sufficient condi-
tions for the first kind property are commutativity and
repeatability. Commutativity is also necessary in the
qubit case and in the case of rank-1 measurements.
In the case of two nonequal POVMs commutativity
is again sufficient for nondisturbance (and also neces-
sary in the qubit case and in the case of rank-1 POVMs)
[25]. However, in this case there are also other notions
of compatibility that relate to nondisturbance. We recall
5here the notion of joint-measurability, together with the
formal notion of commutativity, for reference in the fol-
lowing discussion:
(i) Two POVMs A = {Ax}x and B = {By}y are com-
muting whenever [Ax, By] = 0 for all pairs of outcomes
(x, y).
(ii) Two POVMs A = {Ax}x and B = {By}y are jointly
measurable whenever there exists a POVM G = {Gxy}xy
such that Ax = ∑y Gxy for all x and By = ∑x Gxy for all
y.
Note that when at least one of the two POVMs is
projective the above definitions of incompatibility are
equivalent to each other and to nondisturbance. How-
ever, in the general case the concepts form a strict hier-
archy: commutativity implies nondisturbance, which,
in turn, implies joint-measurability. To be more con-
crete, for commuting POVMs the Lu¨ders rule gives a
nondisturbing implementation. Moreover, nondistur-
bance between A and B (in one direction) implies joint-
measurability as any nondisturbing instrument imple-
ments a POVM, i.e. {(IxA)∗(By)}xy = {Gxy}xy, satisfy-
ing the requirements of a joint observable. The inverse
implications are not true in general [25].
In contrast to the other two notions, for nondistur-
bance the instruments are taken into account. As a con-
sequence, deciding nondisturbance becomes somewhat
more complicated, especially for longer sequences. In
fact, efficient methods are available for the case of
two measurements [25] but only heuristic methods for
longer sequences, see the discussion in Appendix C 1.
III. MAIN RESULTS: MACROREALISM IN TERMS OF
QUANTUM DISTURBANCE
A. State-independent NSIT conditions from quantum
nondisturbance
Here, we present the formulation of a state-
independent and clumsiness-free version of the NSIT
conditions, given in terms of a generalization of quan-
tum nondisturbance conditions. For NSIT conditions,
the simplest scenario is given by a sequence of two
measurements Q1 and Q2, and two inputs si = 0
and 1 corresponding, respectively, to “no measure-
ment” and “measurement of Qi”. In this case we
have only one NSIT condition, namely, p(0, q2|0, s2) =
∑q1 p(q1, q2|s1, s2). The above condition can be ex-
pressed in quantum theory by means of the Born rule
as
tr
[
ρQq22
]
= tr
[
ΛIQ1 (ρ)Q
q2
2
]
∀q2, (11)
where ΛIQ1 = ∑q1 I
q1
Q1
is the total channel. When op-
timizing over all states and instruments, the quantum
expression of the NSIT condition becomes equivalent
to the nondisturbance condition Q1
ND→ Q2.
Iq1Q1
Q1
q1
Iq3Q3
Q3
q3
Iq2Q2
Q2
q2
1
1
0
Iq3Q3
Q3
q3
Iq2Q2
Q2
q2
FIG. 2. A sequence of measurements which generalizes the
example in Fig. 1: General POVMs (Q1,Q2,Q3) are consid-
ered instead of projective measurements; general quantum in-
struments IqjQi are considered instead of the Lu¨ders’ rule; the
two observables are not necessarily connected by time evo-
lution. When optimization over initial preparations is per-
formed, these two sequences form the minimal set of macro-
realism conditions.
For the case of three measurements in a sequence,
the conditions on macrorealism can be mapped into
three different NSIT conditions, i.e., Eqs. (5), for prob-
abilities p(q1, q2, q3|s1, s2, s3). Since we are interested in
properties of observables, we optimize over all states.
Moreover, in order to separate the clumsiness of a spe-
cific measurement implementation from the fundamen-
tal limitations on measurement disturbance predicted
by quantum theory, we also perform an optimization
over measurement implementations. The following ob-
servation connects the NSIT conditions with minimal
nondisturbance requirements on quantum instruments
(see Fig. 2):
Observation 1. Consider a sequence of three POVMs la-
belled by Q1,Q2 and Q3. They allow for an implementation
satisfying the NSIT conditions for all states if and only if
there exists a pair of instruments IQ1 and IQ2 such that
tr
[
IyQ2(ρ)Q
z
3
]
=∑
x
tr
[
IyQ2 ◦ I
x
Q1
(ρ)Qz3
]
, (12a)
tr [ρQz3] =∑
y
tr
[
IyQ2(ρ)Q
z
3
]
, (12b)
for all ρ and all (y, z). More compactly, we write{
Q1
ND→ I∗Q2Q3,
Q2
ND→ Q3,
(13)
6for some instrument IQ2 implementingQ2, which is the same
in both sequences.
Proof.— Eqs. (12) correspond to Eqs. (5a,5c) for a fixed
state ρ and measurements {Qi}with instruments {IxQi}.
It is sufficient to show that Eq. (5b) becomes redundant
when we require the other conditions to hold for all
state preparations. In fact, let us consider Eq. (12b) with
a particular (unnormalized) state [30] ρ = IxQ1(σ) ob-
tained from a certain σ and a certain instrument IxQ1 .
Then, we have that
∑
y
p(x, y, z|q1, q2, q3) =∑
y
tr
[
IyQ2 ◦ I
x
Q1
(σ)Qz3
]
= tr
[
IxQ1(σ)Qz3
]
= p(x, 0, z|Q1, 0, Q3),
(14)
which corresponds precisely to Eq. (5b) for a state σ
and instrument IxQ1 . Thus, we have that if Eq. (12b)
holds for all states ρ and some instrument IyQ2 , then
also Eq. (14) holds for the same IyQ2 and all IxQ1(σ).
Remark 2. For a sequence of POVMs (Q1,Q2,Q3) with a
fixed order, Eq. (12b) and Eq. (12a) are independent condi-
tions.
Proof.— Choose a triple of POVMs such that Q1
disturbs Q2, e.g. noncommuting projective measure-
ments, and take Q3 to be the coin flip POVM, i.e.,
Q3 = { 121 , 121 }. Now Q2
ND→ Q3 while Q1 disturbs the
sequence I∗Q2Q3 = 12Q2. Similarly, one can choose Q1 as
the coin flip POVM, which always have a nondisturbing
implementation, and Q2 that disturbs Q3.
Note that for triples of POVMs with no fixed order-
ing the conditions remain minimal, see Obs. 5 below.
Obs. 1 can be straightforwardly generalized to arbitrary
sequences.
Observation 2. Let us consider a sequence of n measure-
ments described by POVMs Q1, . . . ,Qn. These POVMs
allow an implementation satisfying the NSIT conditions in
Eq. (7) for any preparation if and only if:
Q1
ND→ I∗Q2I∗Q3 . . .Qn
Q2
ND→ I∗Q3I∗Q4 . . .Qn
...
...
Qn−1
ND→ Qn.
(15)
A detailed proof is presented in Appendix A. Note
that the minimality argument in Remark 2 (for a fixed
ordering), constructed with a pair of disturbing observ-
ables and a trivial one, can be easily generalized to the
case of n measurements in Obs. 2, by using n− 2 triv-
ial observables and two disturbing ones. In fact, triv-
ial observables never disturb (with a proper choice of
instrument), and are never disturbed by, other observ-
ables. As a consequence, one obtains that Eq. (15) also
provides a minimal set of conditions.
Finally, we can extend the above conditions to the
case in which all orders are possible:
Observation 3. Let IQ1 , . . . , IQn be measurement imple-
mentations of the POVMs Q1. . . . ,Qn. The NSIT conditions
are satisfied for all permutations of the sequence of instru-
ments and for all state preparations, if and only if{
Qpi(1)
ND→ I∗Qpi(2)I
∗
Qpi(3)
. . .Qpi(n)
}
pi
(16)
holds for all permutations (pi(1), . . . ,pi(n)). Note that we
have slightly abused the notation here: by A ND→ B we mean
that the fixed instrument is an optimal one, i.e. no optimisa-
tion over instruments is performed.
A detailed proof is presented in Appendix A. As a
final remark, notice that not all pairs of POVMs can
be connected by time evolution. In fact, our nondis-
turbance conditions differ for the case of time-evolved
observables, where macrorealism translates to slightly
weaker constraints (see Appendix B).
B. Quantum nondisturbance and the clumsiness loophole
The question arises of how the notion of NSIT and
quantum nondisturbance introduced above relates to
other notions of weakly, or minimally, disturbing in-
struments and their role in tests of macrorealism. Sev-
eral approaches have been proposed such as weak mea-
surement [31, 32], ideal negative-choice measurement, intro-
duced already by Leggett and Garg [1], adroit measure-
ments, introduced by Wilde and Mizel [11], the notion of
nondisturbing measurement by George et al. [22],or some
other forms of quantification of the disturbance with ex-
tra control experiments [16, 24]. In the following, we com-
pare our approach based on NSIT with different no-
tions of “minimally invasive” measurements and show
how our framework can extend previous approaches
and stimulate the design of stronger experimental tests
of nonmacrorealism.
Let us start with weak measurements and, more pre-
cisely, with a concrete model for them, that we call
W(Q). This is defined by means of an ancillary system,
usually considered as continuous variable with “posi-
tion” q, in a Gaussian state |φ(q)〉 = ∫ dq φ(q)|q〉 with
φ(q) = (2pis)−1/4 exp(−q2/4s2) being a Gaussian wave
function with standard deviation s. Then, the canonical
form of a POVM associated to the weak measurement
of a (PVM) observable Q is given by [32] (see also the
discussion in [2, 33] for LG inequalities) Wq(Q) = K†q Kq,
with Kraus operator
Kq = (2piσ)−1/4 exp(−(q−Q)2/4s2), (17)
where Q = ∑x x|x〉〈x| is an observable given by a Her-
mitian operator. Here, s represents the “weakness” of
the measurement, and in the limit s→ ∞ one obtains a
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surement is “strong”, i.e., it becomes the PVM Q. Note
also that the outcomes q are referred to the ancillary
system and are different from x. In fact, q is usually a
continuous variable whereas x can be from a discrete
set of outcomes.
The weak measurement scheme implements a POVM
with elements that are functions of the Hermitian oper-
ator Q. Therefore, measurement that do not disturb (or
are not disturbed by) Q, will do the same with W(Q).
More precisely, the POVM W(Q) can be seen as just a
classical postprocessing of Q, i.e., Wq = ∑x p(q|x)|x〉〈x|,
where p(q|x) = (2piσ)−1/2 exp(−(q− x)2/2s2) is a clas-
sical Gaussian probability distribution. In this sense,
weak measurements such as W(Q) do not seem to ex-
plore the rich structures of incompatibility relations
among POVMs. In this respect, see also the discussion
in Sec. IV about classical postprocessing as a free opera-
tion in a possible resource theory approach to violations
of macrorealism.
Moreover, as discussed by Emary et al. [2] the
strength or weakness of the measurement is not nec-
essarily related to the noninvasivity, but rather to the
ambiguity of the result. As a final remark, note that
even when measurements are performed through a
weak interaction between the system and the ancilla,
such weakness is only justified from a quantum me-
chanical perspective and has, in principle, no mean-
ing for a macrorealist, who would not accept a quan-
tum mechanical description and require a definition of
strength in terms of some explicitly experimental pro-
cedure [2, 11].
In contrast, the notion of ideal negative-choice mea-
surement (INCM) is fully defined in terms of macrore-
alist theories. Let us consider as an example the INCM
by Knee et al. [21]. The authors performed an INCM
by coupling the system to an ancilla via a (anti-)CNOT
gate and measuring the ancilla. The main assumption
of this INCM is that when the system is in the state
|0〉 (or |1〉 for the case of anti-CNOT), the measurement
procedure will not interact with the system. It is true
that the state is unchanged for that particular prepa-
ration (|0〉 for the CNOT and |1〉 for the anti-CNOT),
however, the measurement is not only disturbing from
a quantum mechanical perspective, but it gives rise to
explicit signaling in time for other preparations of the
initial state, a fact that a macrorealist could hardly ig-
nore.
The proposal of Wilde and Mizel [11] consists of the
notion of adroit measurements, namely, measurements
that are unable to violate a LGI when taken alone, but
only when combined together. More precisely, in the
usual scenario with three measurements Q1,Q2,Q3, the
intermediate measurement is decomposed in four op-
erations denoted as O1,O2,O3,O4. The decomposition
is such that for any measurement sequence Q1,Oi,Q3
Eq. (5b) is satisfied, i.e., Oi does not disturb the prob-
ability p(q1, q3) or equivalently one can never violate
the corresponding three-term LGI. The idea is to choose
projective measurements with Qj, Oi denoting the cor-
responding Hermitian operators, such that [Oi, Q1] = 0
for odd i and [Oi, Q3] = 0 for even i, and Q2 is given
by the sequential measurement of O1,O2,O3,O4 with a
summation over the first three outcomes. The conclu-
sion of Wilde and Mizel is that each single measure-
ment seems to be nondisturbing, in the sense of un-
able to violate a LGI, nevertheless their combination
violate a LGI. The NIM assumption is then relaxed
to the noncolluding measurements (NCM) assumption:
seemingly nondisturbing measurements must necessar-
ily “collude” to violate a LGI. However, even if each
triple Q1,Oi,Q3 is unable to violate a LGI, it is very
easy to show that O1 and O3 disturb Q3 and Q1 dis-
turbs O2,O4, i.e., they violate Eq. (5c), since they are
noncommuting projective measurements.
In addition to the ideal case, Wilde and Mizel also
extended their discussion to the case of ε-adroit mea-
surements, where measurements show a ε-disturbance
according to their measure, i.e., the single LGI tests of
Q1,Oi,Q3 shows a violation ε. This quantification of
the disturbance via extra control experiments, can then
be used, under appropriate assumptions, to modify the
classical bound for LG expressions. The proposal has
been further extended by other authors. For example,
in Knee et al. [16] the invasivity of the measurements
appearing in the LG test is quantified through extra
control experiments. There, in order to violate macrore-
alism, one no longer needs to assume noninvasive mea-
surability, but rather a weaker condition, namely that
the description of the systems utilizes only two classi-
cal states.
Many of the experimental proposals and tests of
LGI and NSIT conditions involve qubit system, where
the possible incompatibility structures are limited [25].
George et al. [22] proposed a scheme that uses qutrit
observables. More precisely, they design a 3-term LGI
based on the three-box paradox [34], for which the in-
termediate measurements seem to be “nondisturbing”
w.r.t. the third for the state preparation used for the ex-
periment. However, the observables they measure are
noncommuting PVMs and thus there exist state prepa-
rations for which they violate the NSIT (5).
Our approach to NSIT and quantum nondisturbance
allows us to generalize and treat in a systematic way
this type of arguments. We wish to prove the exis-
tence of the following type situation: three measure-
ment Q1,Q2,Q3 are given with fixed implementations.
The implementations are such that any sequence of two
measurements regardless of the measurement order is
non-disturbing for all input states, i.e., all NSIT condi-
tions are satisfied. The sequence Q1 → Q2 → Q3 is
such that the NSIT conditions are violated for some in-
put state. By providing measurements satisfying the
above conditions, one can design experiments that fur-
ther tighten the clumsiness loophole and consequently
disprove a larger set of macrorealist theories. We are
8going to show in the following, Obs. 5, that such a con-
struction is possible.
In analogy with the case of joint measurability [35],
we further conjecture that more complex structures are
possible, namely, measurements that are nondisturbing
for any possible subset of n− 1 measurements, in any
order and for any state, but violate an n-term NSIT
when measured all together. The design and implemen-
tation of such measurements would allow one to substi-
tute the assumption of noninvasive measurement with
a hierarchy of weaker assumptions defined as follows.
In analogy with Wilde and Mizel’s notion, we define n-
term adroit measurements as a set of measurements that
satisfy the NSIT conditions for any initial state and for
all possible sequence and ordering of at most n mea-
surements, then substitute the NIM assumption with
the assumption
• (n-NCM) n-term noncolluding measurements:
A set of measurements that are (n − 1)-term
adroit are also n-term adroit.
In summary, our systematic approach to the rela-
tion between quantum nondisturbance and macroreal-
ism allows us to highlight the weaknesses of previous
approaches, such as, e.g., the focus on particular state
preparations [21, 22] or necessary but not sufficient con-
ditions for macrorealism [11], and, at the same time, ex-
tend such approaches to further tighten the clumsiness
loophole, by weakening the assumption of noninvasive
measurements and allowing for the development of a
hierarchy of notions of noncolluding measurements.
C. Structure of nondisturbance relations
Here we explore the richness of multiplewise quan-
tum nondisturbance, and find examples of sequences of
POVMs that reveal the existence of structures that can
be also exploited to tighten the clumsiness loophole, as
we explained above. The notion of nondisturbance can
be considered in between commutativity and joint mea-
surability. Commutativity is a binary relation of com-
patibility with the peculiary property, also known as
Specker’s principle [36, 37], that mutually compatible
pairs are also “globally” compatible. In contrast, JM
allows all possible structures of (in)compatibility [35].
Hence, the question arises whether nondisturbance
is a binary relation or not, at least whenever the no-
tion is “symmetrized” between two observables, i.e,
whether observables that are mutually nondisturbing
A
ND↔ B ND↔ C . . . are also nondisturbing in every possi-
ble (full) sequence A ND→ B ND→ C . . . etc. To answer this,
at first it is helpful to show that mutual nondisturbance
and commutativity are stricly distinct notions.
Observation 4. There exists observables A and A′ such that
they are nondisturbing in both directions, i.e., A ND↔ A′ and
yet non commuting.
ICz
IBy
IAxIAx ICz
IBy
FIG. 3. Diagram of the hollow triangle of nondisturbance as in
Obs. 5 even though there are instruments that allow nondis-
turbing implementations of every pairwise sequence, there is
no triple of instruments (IA, IB, IC) that allows a nondisturb-
ing implementation for the sequence A → (B → C) or the
sequence A→ (C→ B).
The proof consists in a specific example and can be
found in Appendix A.
A natural question, then, arises of whether mutual
nondisturbance can give rise to nontrivial structures
for longer sequences of measurements, such as the so-
called “hollow triangle” [36, 38, 39] (see Fig. 3).
Observation 5. There exists observables A,B,C such that
A
ND↔ B, A ND↔ C, and C ND↔ B, but in the sequence A →
(B → C), A disturbs any nondisturbing implementation of
the sequence B→ C.
The proof is rather technical and we omit it here, de-
tails can be found in Appendix A.
As we anticipated in the previous subsection, the con-
struction in Obs. 5 allows us to define a new notion
of 2-term adroit measurements. In this case, there ex-
ists an implementation of the observables (i.e., a quan-
tum instrument), such that for each pair, in each order,
and for each state preparation, the measurements are
nondisturbing, but still able to violate a NSIT condi-
tion for the sequence A → (B → C). This setup would
allow for an experimental test of macrorealism where
the NIM assumption is substituted with the weaker 3-
NCM discussed previously. Moreover, our approach to
NSIT and quantum nondisturbance allows us to treat
the problem from a general perspective and systemat-
ically investigate possible structures of incompatibility,
which may give rise to stronger experimental tests, i.e.,
based on weaker assumptions, of macrorealism.
IV. PERSPECTIVES ON INCOMPATIBILITY
QUANTIFICATION AS INTRINSIC DISTURBANCE
It is known that notions of measurement incompati-
bility are related to different nonclassical properties of
quantum systems such as nonlocality [40] and steering
[41–43] and consequently to the associated quantum in-
formation applications, such as, e.g., quantum key dis-
tribution [44, 45]. Different notions of measurement in-
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ation of nonclassical correlations for single systems. A
notion of nonclassical correlations for single systems,
quantum contextuality [46–49], has been suggested as
a resource for quantum computation [50–54] and the
a resource theory of quantum contextuality has been
proposed [55–57]. Moreover, the connection between
some notions of temporal correlations and information-
theoretic tasks has been investigated via several differ-
ent approaches [58–70], but not in relation with the no-
tion of incompatibility. Macrorealism violations have
also been investigated in relation to resource theories of
quantum coherence [71, 72].
Following these approaches, we investigate a possi-
ble resource theory of macrorealism and its connection
with the natural notion of measurement incompatibility
in the temporal correlation scenario, namely, quantum
disturbance. We propose a possible quantification of in-
trinsic disturbance, based on the conditions in Eq. (15),
and study the operations that do not increase it. We call
them “free processes” or “free operations” following
the terminology of resource theories (see, e.g., Ref. [73]).
Our measure can be seen as an extension to arbitrary se-
quences of the measure introduced in Ref. [25] for pairs
of measurements [74].
A natural question arises of whether the notion of
disturbance may be of interest from a quantum infor-
mation perspective. In this sense, we believe that the
term “quantum disturbance”, even though is the stan-
dard term in the literature, is misleading as it indicates
some sort of “noise” or “destruction” of the quantum
information. In contrast, the ability to “disturb” subse-
quent measurements must be interpreted as the possi-
bility of encoding information into the system, which
is then decodable by subsequent measurements. Con-
sider the example of a quantum information protocol,
e.g., computation, performed via a sequence of mea-
surements. Intuitively, the case in which only macrore-
alist correlations arise can be efficiently simulable since
such correlations are “fixed” at the beginning of the
protocol and do not depend on the act of measuring
some particular observable. Any classical simulation
of this situation would involve additional memory that
must be updated after each measurement to keep track
of the (detectable) changes to the system, in contrast to
usual hidden variable model description where the out-
comes of all possible measurements are decided at the
beginning of each experimental run.
Given the hierarchical structure of nondisturbance
conditions, let us start from the simplest scenario. For
two POVMs A and B and fixed instrument IA we define
DA(B, IA) :=
[
∑
y
∥∥∥Λ∗IA(By)− By∥∥∥
]
, (18)
where ‖X‖ = supρ |tr [ρX] | is a matrix norm, i.e., the
maximal eigenvalue (in absolute value) of a Hermitian
operator X, and Λ∗IA := (∑x IxA)∗. The corresponding
disturbance measure can be written as the infimum over
all instruments implementing A as
DA(B) := infIA
DA(B, IA). (19)
For the case of finite dimensional Hilbert spaces, and
analogously to Ref. [25], such a measure can be cast
as a semidefinite program (see Appendix C). The same
expression has been used as a macrorealist quantifier
for projective instruments in Ref. [75]. In a sequence of
two measurements Q1 and Q2 with no fixed order, one
can define a symmetrized version of the measure, i.e.,
we define a measure of violation of macrorealism as
MR(Q1,Q2) := DQ1(Q2) + DQ2(Q1). (20)
Instead of explicitly writing the measure of distur-
bance and the measure of violation of macrorealism
for arbitrary sequences, we focus only on the case of
three measurements, as the idea of how to generalize
the measure to longer sequences becomes evident al-
ready from this case. For this scenario, macrorealism
is associated to the independent (see Remark 2 above)
conditions in Eq. (12a) and Eq. (12b). Hence, we write
the measure of violation of macrorealism as
MR({Qi}3i=1) := ∑
perm. pi
inf
{IQi }i
[
DQpi(2)(Qpi(3), IQpi(2))
+DQpi(1)(Qpi(2),Qpi(3), IQpi(1) , IQpi(2))
]
,
(21)
where the infimum is taken over the instruments imple-
menting the corresponding POVMs, the sum is over all
possible ordering of measurements, i.e., permutations
of (1, 2, 3), and we have denoted
DA(B,C, IA, IB) :=∑
yz
∥∥∥Λ∗IA((I∗BC)yz)− (I∗BC)yz∥∥∥,
(22)
where Λ∗IA := (∑x IxA)∗ and (I∗BC)yz := (I
y
B)
∗(Cz).
The definition in Eq. (21) can be straightforwardly
generalized to arbitrary sequences, by using conditions
in Eq. (15).
In order to build a resource theory associated to the
intrinsic disturbance or the violation of macrorealism
one needs to define the free resources and free opera-
tions. Free resources are naturally identified with se-
quences of POVMs that are nondisturbing according
to the measure in Eq. (21) (and its generalizations to
arbitrary sequences), i.e., they always admit a physi-
cal implementation that does not provide violation of
macrorealism for any possible state preparation. Free
operations, instead, are operations on the POVMs that
do not increase the measure MR(Q1, . . . ,Qn). We have
Observation 6. The following transformations of POVMs
are free operations:
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(i) global classical postprocessing: A 7→ A˜ with A˜a =
∑a′ p(a|a′)Aa′ and p(·|a′) a probability distribution
for every a′, namely, MR({Q˜i}ni=1) ≤ MR({Qi}ni=1);
(ii) global invertible quantum preprocessing: A 7→ A˜
with A˜a = U (Aa), with U unitary channel, namely
MR({Q˜i}ni=1) ≤ MR({Qi}ni=1);
(iii) global quantum preprocessing for qubit channels: A 7→
A˜ with A˜a = Λ(Aa), with Λ a qubit channel, namely
MR({Q˜i}ni=1) ≤ MR({Qi}ni=1);;
(iv) local preprocessing via a depolarazing channel: A 7→ A˜
with A˜a = αAa + 1−αd tr [Aa] 1 for α ∈ [0, 1], namely
MR(Q1, . . . , Q˜i, . . . , ,Qn) ≤ MR(Q1, . . . ,Qi, . . .Qn).
See Appendix C for the proof. Notice that classical
postprocessing is precisely the operation defining the
weak measurement in Eq. (17). It is not clear whether
global quantum preprocessing is, in general, a free op-
eration. For the specific case of the depolarizing chan-
nel, we were able to prove that even its local application
is a free operation.
V. CONCLUSION AND OUTLOOK
In summary, we investigated a systematic approach
to the notion of quantum nondisturbance and its rela-
tion to the NSIT conditions of macrorealism. We first
derived a minimal set of conditions able to guarantee
NSIT for any state preparation. Then, we discussed
how such systematic approach to quantum nondistur-
bance conditions, together with structural results we
derived, could be used to tighten the clumsiness loop-
hole and go beyond the limitations of previous ap-
proaches. Finally, we discussed a possible resource
theory of quantum nondisturbance and macrorealism,
by defining a measure of disturbance and investigating
which operations do not increase it.
A natural question arises of why one should care
about the relation between incompatibility properties
and notions of nonclassical temporal correlations such
as nonmacrorealism. First, let us recall that in the spa-
tial scenario, quantum incompatibility among observ-
ables has been proven to be at the basis of quantum
phenomena of nonlocality [40] and steering [41–43],
which, in turn, are at the basis of quantum informa-
tion theoretic tasks such as quantum key distribution
[44, 45]. The temporal analogue, however, is less ex-
plored, from the perspective of notions of incompatibil-
ity, nonclassical correlations, and quantum information
theoretic tasks. A notion of nonclassical correlations
for single systems, namely quantum contextuality [46–
49], has been recently suggested as a resource for quan-
tum computation [50–54] and investigated from the per-
spective of resource theories [55–57] and the perspec-
tive of memory cost for its simulation [76, 77]. More-
over, the connection between temporal correlations and
information-theoretic tasks has been investigated via
several different approaches [58–67, 69, 70], but never
in relation with the notion of incompatibility.
Starting from our results, several other lines of re-
search can naturally be pursued. For instance, we
showed that all but one of the conditions in Obs. 2 can
(trivially) be satisfied, impliying that one can find se-
quences of measurements such that all sequences but
one are nondisturbing, when the order of measure-
ments is fixed. With the construction in Obs. 5 we
showed that this result can be extended to arbitrary or-
ders for n = 3. Can this result be extended to arbitrarily
long sequences? Do the most general incompatibility
structures exist, as it is the case for joint measurability
[35], or are there some limitations? Finally, can stronger
tests of macrorealism be designed via such construc-
tions and the n-NCM assumption?
In parallel, we would like to further investigate the
connection between disturbance and quantum infor-
mation tasks. Can our resource theory be connected
to other resource theories of nonclassical correlations?
How is the notion of disturbance related to the notion of
memory cost of simulating sequential measurements?
We hope our work will stimulate the investigation of
the connection between macrorealism, quantum incom-
patibility, and quantum information tasks in the tempo-
ral scenario, and create a common basis for discussions
among the corresponding research communities.
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Appendix A: Technical proofs of Obs.3-5
Proof of Obs.2.— One direction is trivial as the NSIT
constraints (holding for all states) include all conditions
in Eq. (15).
The opposite direction, i.e., that the conditions in
Eq. (15) are enough to imply all NSIT conditions for all
state preparations, can be obtained by induction on the
length of the sequence, following the idea of the proof
of Obs. 1. By Obs. 1, we know that the statement holds
for the case n = 3. The inductive step will be to prove
that if the statement holds for sequences of length n− 1,
then it holds for sequences of length n.
Thus, let us consider a sequence of n POVMs
Q1, . . . ,Qn with instruments IQ1 . . . IQn and let us as-
11
sume that
Q2
ND→ I∗Q3I∗Q4 . . .Qn
...
...
Qn−1
ND→ Qn.
(A1)
are equivalent to the NSIT condition (7) for the subse-
quence Q2 → Q3 → . . .Qn.
Adding an additional measurement Q1 in the begin-
ning of the sequence might introduce disturbance at
any point in the sequence. For the inductive step, we
need to prove that Eq. (A1) together with the new con-
dition
Q1
ND→ I∗Q2I∗Q3 . . .Qn, (A2)
imply that the n-term NSIT conditions are satisfied for
any state ρ, namely,
p(0, q2→n|0, s2→n) = ∑q1 p(q1→n|1, s2→n), (A3)
p(q1, 0, q3→n|1, 0, s3→n) = ∑q2 p(q1→n|1, 1, s3→n),(A4)
...
p(q1→n−2, 0, qn|11→n−2, 0, 1)
= ∑qn−1 p(q1→n|11→n), (A5)
for all possible settings s and q. Here 11→n is a short-
hand notation for (1, 1, . . . , 1), and the probabilities are
computed via the instruments IQ1 . . . IQn .
To prove that Eqs. (A4)-(A5) are satisfied, one notices
that the NSIT conditions for the sequence 2 → n are
satisfied for any state. Writing the state after the first
measurement as Iq1Qi (ρ) we get
p(q1, q2→n|1, s2→n) = tr
[
Iq2→nQ2→n ◦ I
q1
Q1
(ρ)
]
. (A6)
Hence, noting that the NSIT conditions do not depend
on the normalisation of Iq1Qi (ρ) one sees that Eqs. (A4)-
(A5) are satisfied.
Finally, we need to prove that the NSIT conditions
in Eq. (A3) are satisfied for any choice of settings s2→n
and outcomes q2→n and for all initial states. The case
s2→n = 12→n is implied by Eq. (A2). For the case of
exactly one ’0’ appearing in s2→n in position k, with
2 ≤ k ≤ n, it is sufficient to combine Eq. (A2) with the
condition Qk
ND→ I∗Qk+1I∗Qk+2 . . .Qn appearing in Eq. (A1)
and with the above reasoning on the sub-normalised
initial states. This process can be iterated to get the
case of more than one ’0’ appearing in the sequence of
settings, which concludes the proof.
Proof of Obs. 3.— The proof follows from the fact
that AoT must hold for quantum measurements. In
fact, given the conditions Qpi(1)
ND→ I∗Qpi(2) . . .Qpi(n)
for all pi(1), . . . ,pi(n), each condition of the form
Qk
ND→ I∗Qk+1I∗Qk+2 . . .Qn, associated with the fixed or-
der (1, . . . , n), can be obtained via the condition for per-
mutation k, k + 1, . . . , n, 1, 2, . . . , k− 1 and applying the
AoT conditions on the last part of the sequence, i.e.,
1, 2, . . . , k− 1. In this way, we obtain all the conditions
of Eq. (15) for the order (1, . . . , n). Repeating the argu-
ment for all orders finishes the proof.
For the proof of Obs. 4, we need to summarize the
construction of noncommuting repeatable POVMs in-
troduced in [25]. First, the dimension of the Hilbert
space must be d = dimH ≥ 5. We see the space as a di-
rect sum of a 3 -dimensional and a (d− 3)-dimensional
subspaceH3 andHd−3 asH = H3⊕Hd−3. InH3 we fix
three orthogonal one-dimensional projections P1, P2, P3,
while in Hd−3 we fix two noncommuting projections
R1, R2. Then we define an observable A as
A1 = P1 ⊕ 12 R1, A2 = P2 ⊕
1
2
R2 , (A7)
A3 = P3 ⊕ (1 − 12 R1 −
1
2
R2) . (A8)
Since 1 is an eigenvalue for each POVM element of A,
the measurement is repeatable and, in particular, it does
not disturb itself. Moreover, the elements of A do not
commute since [R1, R2] 6= 0.
We can slightly modify the above construction to
make the second observable in the sequence not coin-
ciding with the first, hence, showing that the difference
between 2-way nondisturbance and noncommutativity
is not only a special feature of repeatable (or first kind)
measurement scenarios.
Proof of Obs. 4.—. Given A as above and A′ defined
as A′1 := A1, A
′
2 := A2 + A3, the pair of observables
(A,A′) is nondisturbing in both directions, i.e., A ND↔ A′
and yet non commuting. In fact, since A is repeatable,
there exists IA such that
∑
x
(IxA)∗(A′1) = A1 = A′1, (A9)
∑
x
(IxA)∗(A′2) =∑
x
(IxA)∗(A2 + A3) = A2 + A3 = A′2.
(A10)
In the other direction, we can simply take the instru-
ment given by I1A′ := I1A and I2A′ := I2A + I3A. Then
∑x(IxA)∗ = ∑x(IxA′)∗, hence, A′ does not disturb A as
well. Finally, the observables are still noncommuting
since [A2, A′1] = [A2, A1] 6= 0.
Starting from this example, we consider a sequence
of 3 measurements and construct a hollow triangle of
POVMs with respect to the nondisturbance relations,
i.e., a triple of observables such that each pair is mutu-
ally nondisturbing, but still any instrument associated
with the first (according to a specific order) must dis-
turb any nondisturbing sequence of the other two ob-
servables. This is analogous to the hollow triangle of
joint measurability introduced in Ref. [39, 78].
12
Proof of Obs. 5.—. Consider a Hilbert space of dimen-
sion d ≥ 5. One can show that there exist two observ-
ables A and B that have the following properties: (i)
they are of the first kind and (ii) A ND↔ B and A ND↔ A
holds, i.e., all the two point sequences can be imple-
mented with nondisturbing instruments. However, the
sequences A → (A → B) and A → (B → A) cannot
be implemented with a nondisturbing instrument. In
particular, the second observable can be taken as
B1 = 1 ⊕ 0, B2 = 0⊕ 1 , (A11)
where the direct sum is w.r.t. the direct sum decompo-
sition H = H3 ⊕Hd−3.
To prove the above statements, let us consider A as
in Eq. (A7). First, let us prove the case d = 5. The
observable B commutes with A and, hence, the Lu¨ders
instrument is nondisturbing in both directions. Let us
consider the POVM with elements Eij =
√
Bj Ai
√
Bj =
AiBj, that is obtained from the sequences (A→ B) and
(B→ A) with the Lu¨ders instrument. We have that E11,
E21 and E31 are the three projectors P1 ⊕ 0, P2 ⊕ 0 and
P3 ⊕ 0. The other three POVM elements, Ei2, are given
by 0 ⊕ R1/2, 0 ⊕ R2/2 and 0 ⊕ (1 3 − R1/2 − R2/2),
respectively. Let us choose R1 and R2 as the two-
dimensional projectors (1 + σx)/2 and (1 + σz)/2.
According to Proposition 3 in Ref. [25], if
E2ij ∈ span{Eij|(i, j)}, then A is nondisturbing w.r.t. to E,
if and only if all their elements commute. Let us show
that such operators belong to the span. The statement is
trivial for Ei1 since they are all projectors, and similarly
for the case E12, E22, since also R1 and R2 are projectors.
The only non trivial case is for E32, which amounts to
show that (1 − R1/2− R2/2)2 ∈ span(R1, R2, 1 ).
First, let us notice that span(R1, R2, 1 ) =
span(σx, σz, 1 ). Then, we have (1 − R1/2− R2/2)2 =(
1 − 14 (1 + σx)− 14 (1 + σz)
)2
. The only elements
out of the span could be the product of σx and σz.
However, since we are taking the square, such products
will appear as σxσz + σzσx, which is zero.
Then A is nondisturbing w.r.t. to E, if and only if all
their elements commute. However, this is not the case,
since, e.g., [A1, E22] 6= 0. Hence, we obtain that the
sequence A→ E cannot be implemented with a nondis-
turbing instrument. The proof for d = 5 ends by noting
that, since B is projective, the Lu¨ders instrument gives
the unique joint measurement of A and B (see Prop. 8 in
[78]) and, hence, any other nondisturbing implementa-
tion (if existing) results in the same joint measurement.
The proof can be easily extended to the case of arbitrary
odd dimension d, by decomposing Hd−3 = H2 ⊗H d−3
2
and projectors R˜i = Ri ⊗ 1 . Similarly for even d, we
just use the decomposition H = H4 ⊕ Hd−4, increase
the rank of P3 and decompose Hd−4 as the tensor prod-
uct H2 ⊗H d−4
2
.
The above is an example of a triple of POVMs that
shows genuine triplewise nondisturbance in the sense that
it satisfies Eq. (12b) for all orderings (and some instru-
ments), but it violates Eq. (12a) for some ordering (and
all instruments of the first measurement together with
any nondisturbing instrument of the second measure-
ment). It requires the dimension of the Hilbert space to
be at least d = 5 and two of the POVMs to be equal.
The following example, instead, circumvents these lim-
itations. However, one should note that not all of the
pairs are anymore two-way nondisturbing. The exam-
ple is minimal in the sense that it uses a qutrit (in
qubit hollow triangles don’t exist because nondistur-
bance is equivalent to commutativity) and binary mea-
surements.
Consider the following triple (A,B,C) of POVMs
A1 =
1
4
 2 0 −√20 4 0
−√2 0 3
 A2 = 14
 2 0 √20 0 0√
2 0 1

B1 =
1 0 00 0 0
0 0 1
 B2 =
0 0 00 1 0
0 0 0

C1 =
1
12
4 0 00 6 0
0 0 5
 C2 = 112
8 0 00 6 0
0 0 7
 .
(A12)
The sequence A → B → C is such that A ND↔ B, A ND→ C
(while C must disturb A) and B ND↔ C. However: (i) A
disturbs all the nondisturbing implementations of the
sequences B ↔ C; and moreover (ii) the sequence B →
A → C is nondisturbing, which implies, in particular,
that the triple (A,B,C) is jointly measurable.
Proof.— The proof makes use of the construction in
[25], exploiting Remark 2 of [79]. Let us consider the
nilpotent channel Λ that maps a 3 × 3 matrix aij into
diag(a11, a22, (a11 + a22)/2). This channel is such that
Λ(Λ(X)) = Λ(X) for all 3× 3 matrices X. A decompo-
sition of Λ into Kraus operators is given by
K1 = 12
√2 0 00 0 0
−1 0 0
 K2 = 110
0 0 00 −√10 0
0 2
√
10 0

K3 = 12
0 0 00 √2 0
0 0 0
 K4 = 120
0 0 00 4√10 0
0 2
√
10 0

K5 = 12
√2 0 00 0 0
1 0 0
 .
(A13)
The POVM elements of C are constructed as C1 =
Λ( 13 P1 +
1
2 P2) and C2 = Λ(
2
3 P1 +
1
2 P2), where P1 =
diag(1, 0, 0) and P2 = diag(0, 1, 0) are the projectors
onto the first two computational basis elements. The
POVM elements of A are constructed as Ai = I∗i (1 )
where I∗1 (·) = ∑4j=1 Kj · K∗j and I∗2 (·) = K5 · K∗5 . Thus,
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we have that ∑j I∗1 (·) = Λ and therefore A does not
disturb C by construction. The rest of pairwise nondis-
turbance relations follow from commutativity.
However, A must disturb E := I∗BC. This can be seen
as follows: we have that the POVM elements {Eij} span
the whole subspace of 3× 3 diagonal matrices. There-
fore we have E2ij ∈ span{Eij} for all (i, j). This implies
that A ND→ E if and only if A and E commute, which
is not the case. Finally, since B is a PVM, the Lu¨ders
instrument gives the unique joint measurement of B
and C (cf. Proposition 8 in Ref. [78]) and, hence, any
other nondisturbing implementation (if existing) would
give the same sequential POVM (i.e. the joint measure-
ment). Also, the fact that C must disturb A follows from
A2x ∈ span{Ax} for all x and the fact that A and C do
not commute. In particular, since A2 is proportional
to a projector and such that, e.g., [C1, A2] 6= 0, then it
must be disturbed by every instrument implementing
C. Finally, it can be easily checked via explicit calcu-
lation that the sequence B → A → C is nondisturbing.
It is sufficient to consider as a sequential nondisturbing
measurement for A → C the one given by the instru-
ments I∗1 (·) = ∑4j=1 Kj · K∗j and I∗2 (·) = K5 · K∗5 . The
resulting joint POVM Fij := I∗i (Cj), then, commutes
with Bk for any i, j, k, providing a nondisturbing mea-
surement for the sequence B → A → C. As a further
consequence, the triple (A,B,C) is also jointly measur-
able .
Appendix B: Time-dependent version of Observation 1
First, we show that not all pairs of POVMs can be
connected by time evolution. In fact, consider two
POVMs Q and Q′, such that Qx has maximal eigen-
value λ and Q′x has maximal eigenvalue λ′ > λ. Then,
there is no channel Λ, i.e., a CPTP map, such that
Λ∗(Qx) = Q′x, since by positivity λ1 − Qx ≥ 0 ⇒
Λ∗(λ1 − Qx) ≥ 0, whereas by linearity and unitality
of Λ∗, Λ∗(λ1 −Qx) = λ1 −Q′x  0. Similarly, one can
prove that if the minimal eigenvalue of Q′x is strictly
smaller than the minimal eigenvalue of Qx, there is no
channel mapping Q into Q′. Moreover, one can relax
the requirement Λ∗(Qx) = Q′x, ∀x, to Λ∗(Qx) = Q′pi(x),
∀x, for some permutation pi of the outcomes, i.e., by al-
lowing as a possible operation also a relabeling of out-
comes, and construct a similar example. Another sim-
ple example is given by the maximally mixed POVM
{1 /N . . . , 1 /N}, which is always mapped onto itself
due, again, to linearity and unitality of the adjoint chan-
nel.
Below, we show how to modify Observation 1 to
cover the time-dependent case. Given measurements
Q1,Q2 and Q3 together with time evolutions Λt1→t2 and
Λt2→t3 between them, we have the following observa-
tion.
Lemma 1. The no-signalling in time conditions on a
limited set S of states are equivalent to the fact that
(i) the first measurement doesn’t disturb the sequen-
tial measurement Λ∗t1→t2 ◦ I∗Q2 ◦ Λ∗t2→t3(Q3) for states
in the set S and that (ii) the second measurement does
not disturb the time evolved version of the third mea-
surement (i.e.Λ∗t2→t3(Q3)) in the limited set of states
{Λt1→t2(ρ)|ρ ∈ S} ∪
{
Λt1→t2 (IxQ1 (ρ))
tr
[
Λt1→t2 (IxQ1 (ρ))
] |ρ ∈ S, x
}
. Note
that here again (i) includes the assumption that the instru-
ment IQ2 fulfills (ii).
Proof. Assume that the nondisturbance conditions hold.
The observed three point probability distribution reads
p(x, y, z|1, 1, 1) = tr
[
Λt2→t3 ◦ IyQ2 ◦Λt1→t2 ◦ I
x
Q1
(ρ)Q3(z)
]
.
For this scenario there are three NSIT conditions to
be checked. As the first measurement does not disturb
the sequential measurement of the second and the third
measurement one gets the first NSIT condition
∑
x
p(x, y, z|1, 1, 1) = (B1)
=∑
x
tr
[
ρIx∗Q1 ◦Λ∗t1→t2 ◦ I
y∗
Q2
◦Λ∗t2→t3(Q3(z))
]
(B2)
= tr
[
ρΛ∗t1→t2 ◦ I
y∗
Q2
◦Λ∗t2→t3(Q3(z))
]
(B3)
= p(0, y, z|0, 1, 1). (B4)
Using that the second measurement does
not disturb the third measurement on the set{
Λt1→t2 (IxQ1 (ρ))
tr
[
Λt1→t2 (IxQ1 (ρ))
] |ρ ∈ S, x
}
of states we get the
second condition
∑
y
p(x, y, z|1, 1, 1) = (B5)
=∑
y
tr
[
ρIx∗Q1 ◦Λ∗t1→t2 ◦ I
y∗
Q2
◦Λ∗t2→t3(Q3(z))
]
(B6)
= tr
[
ρIx∗Q1 ◦Λ∗t1→t2 ◦Λ∗t2→t3(Q3(z))
]
(B7)
= p(x, 0, z|1, 0, 1). (B8)
The last NSIT condition follows directly from the fact
that the second measurement does not disturb the third
one on the set {Λt1→t2(ρ)|ρ ∈ S} of states.
For the other direction of the proof, one can show
that the violation of either one of the nondisturbance
conditions leads to the violation of the NSIT conditions.
First, assume that the second measurement disturbs the
third for some state in the set {Λt1→t2(ρ)|ρ ∈ S}. By
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writing
∑
y
p(0, y, z|0, 1, 1) = (B9)
=∑
y
tr
[
Λt1→t2(ρ)Iy∗Q2 ◦Λ
∗
t2→t3(Q3(z))
]
(B10)
6= tr [Λt1→t2(ρ)Λ∗t2→t3(Q3(z))] (B11)
= p(0, 0, z|0, 0, 1) (B12)
one sees that the third NSIT condition does not hold for
some ρ ∈ S and some z.
Second, assume that the second measurement is
disturbing the third one for some state in the set{
Λt1→t2 (IxQ1 (ρ))
tr
[
Λt1→t2 (IxQ1 (ρ))
] |ρ ∈ S, x
}
of states. Then
∑
y
p(x, y, z|1, 1, 1) = (B13)
=∑
y
tr
[
ρIx∗Q1 ◦Λ∗t1→t2 ◦ I
y∗
Q2
◦Λ∗t2→t3(Q3(z))
]
(B14)
6= tr
[
ρIx∗Q1 ◦Λ∗t1→t2 ◦Λ∗t2→t3(Q3(z))
]
(B15)
= p(x, 0, z|1, 0, 1) (B16)
for some ρ ∈ S and some x, z.
Finally, for the case of the first measurement disturb-
ing the sequential measurement of the second and the
third measurement we check the first NSIT condition
∑
x
p(x, y, z|1, 1, 1) = (B17)
=∑
x
tr
[
ρIx∗Q1 ◦Λ∗t1→t2 ◦ I
y∗
Q2
◦Λ∗t2→t3(Q3(z))
]
(B18)
6= tr
[
ρΛ∗t1→t2 ◦ I
y∗
Q2
◦Λ∗t2→t3(Q3(z))
]
(B19)
= p(0, y, z|0, 1, 1) (B20)
for some ρ ∈ S and some y, z.
The time-dependent version of Observation 1 follows
directly: the above lemma is formulated for a lim-
ited set of states. When applied to the whole state
space, one sees that
{
Λt1→t2 (IxQ1 (ρ))
tr
[
Λt1→t2 (IxQ1 (ρ))
] |ρ ∈ S(H), x
}
⊆
{Λt1→t2(ρ)|ρ ∈ S(H)}. Hence, we have
Observation 7. For time-dependent scenarios with optimi-
sation over states, macrorealism is equivalent to the first
measurement not disturbing the sequential measurement
Λ∗t1→t2 ◦ I∗Q2 ◦ Λ∗t2→t3(Q3) (for all states) and the second
measurement not disturbing the time evolved version of
the third one (i.e.Λ∗t2→t3(Q3)) within the time evolved set{Λt1→t2(ρ)|ρ ∈ S(H)} of states.
Appendix C: Disturbance measure
1. Semidefinite programming definition of the
disturbance measure
For finite dimensional Hilbert spaces, an SDP defini-
tion of the disturbance measure can be defined as fol-
lows. First, let us recall the Choi-Jamiołkowski isomor-
phism [80, 81], namely,
(IxA)∗(By) = tr2[MxA 1 ⊗ By],
with MxA := [(Id⊗ IxA)|Ω〉〈Ω|]t ,
(C1)
where |Ω〉 is the (unnormalized) maximally entangled
state |Ω〉 = ∑i |ii〉, the transposition t is taken w.r.t.
the {|ij〉}ij basis, and Id represents the identity chan-
nel. Using that the norm of an Hermitian operator X
can be written as ‖X‖ = min{λ | − λ1 ≤ X ≤ λ1 }, we
can formulate DA(B) as the following SDP:
min
{λy}y ,{MxA}x
∑
y
λy
subject to: − λy1 ≤ tr2[∑
x
MxA1 ⊗ By]− By ≤ λy1 ,
for all y,
MxA ≥ 0, for all x
tr2[MxA] = Ax for all x.
(C2)
Contrary to the case of two measurements, in the case
of three (or more) measurements the evaluation of the
measures does not seem like an SDP anymore. Never-
theless, one can still try to perform some numerical op-
timization using SDP. In fact, the function we want to
minimize is linear in each argument IQi (or, more pre-
cisely, in its Choi matrices {MqiQi}qi ), whenever the other
instruments are kept fixed. This gives an SDP analo-
gous to that of Eq. (19). The so-called see-saw method,
then, consists in iterating the maximization over each
argument {MqiQi}qi , keeping at each step the found op-
timal solution. Even though the convergence to the op-
timal solution cannot be guaranteed, this method has
been widely applied to problems in nonlocality and
steering [82–85].
2. Free operations for macrorealism
The first example of free operations are classical
post-processings of POVMs. Recall that a (classi-
cally) post-processed version A˜ of a POVM A is de-
fined through the POVM elements A˜a = ∑a′ p(a|a′)Aa′ ,
where p(·|a′) is a probability distribution for every a′.
To be more concrete, we wish to concentrate on the
three measurement setting and carry out the calcula-
tion using a term from the sum in Eq. (21) with a
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trivial permutation. Note that any instrument IQi of
Qi can be post-processed into an instrument of Q˜i as
I a
Q˜i
= ∑a′ p(a|a′)I a′Qi . Using post-processed versions
{Q˜i}3i=2 of the involved POVMs and the respective post-
processed instruments one has by triangle inequality
∑
y,z
∥∥∥(Λ∗I
Q˜1
− Id)(Iy∗
Q˜2
(Q˜z3))
∥∥∥
≤∑
y,z
∥∥∥(Λ∗IQ1 − Id)(Iy∗Q2(Qz3))∥∥∥, (C3)
where Id is the identity map. On the left hand side we
have used an instrument that originates from the one
on the right hand side. Hence, it is clear that when
taking the infimum on the right hand side, we cover
some (but not necessarily all) possible instruments on
the left hand side. Taking the infimum on the left hand
side can only decrease the value and, hence, we con-
clude that classical post-processing is a free operation
for i = 2, 3. For the case i = 1 we refer to Corollary 2 in
Ref. [86], where it is shown that the set of total channels
(of instruments) associated to a given POVM is a subset
of the set of total channels (of instruments) associated
to a post-processed version of this POVM. Hence, the
infimum over instruments results in a (possibly) larger
set of total channels for post-processed POVMs, than
for the original ones. We conclude that
MR({Q˜i}3i=1) ≤ MR({Qi}3i=1). (C4)
Let us consider global preprocessing, i.e., a quan-
tum channel applied to all POVMs in a sequence of
measurements. Define Q˜1 = E∗(Q1) with elements
Q˜x1 = E∗(Qx1). Note that we can compose the chan-
nel E with any instrument IQi of Qi and obtain another
instrument I ′Qi := E ◦ IQi of Qi. Furthermore, we can
compose any instrument IQ1 of Qi with the channel E
and obtain an instrument IQ˜1 := IQ1 ◦ E implementing
Q˜1.
As an example, consider the case of three measure-
ments Q1,Q2,Q3, the preprocessed measurements will
be Q˜i := E(Qi). Given some instruments IQi for
the original observables, we consider new instruments
IQ˜i := IQi ◦ E . We have
∑
y,z
∥∥∥(Λ∗I
Q˜1
− Id)(Iy∗
Q˜2
(Q˜z3))
∥∥∥
=∑
y,z
∥∥∥(E∗ ◦Λ∗IQ1 − Id)(E∗ ◦ Iy∗Q2(E∗(Qz3)))∥∥∥
≤∑
y,z
∥∥∥(Λ∗IQ1 ◦ E∗ − Id)(Iy∗Q2 ◦ E∗(Qz3))∥∥∥, (C5)
where we used that the leftmost E∗ can be simply con-
sider to be applied to the state, over which we maxi-
mize. Notice that I∗Qi ◦ E∗ is a valid instrument for Qi,
however, it will not be, in general, the optimal one, i.e.,
the one that minimizes the disturbance. One possibility,
is to consider an invertible channel E , the optimal in-
struments IoptQi minimizing DQ1(Q2,Q3, IQ1 , IQ2), and
define IQi := E−1 ◦ I
opt
Qi
, which is still a valid instru-
ment for Qi. By substituting in Eq. (C5), we obtain
∑
y,z
∥∥∥(Λ∗IQ1 ◦ E∗ − Id)(Iy∗Q2 ◦ E∗(Qz3))∥∥∥
=∑
y,z
∥∥∥(Λ∗IoptQ1 − Id)((IoptQ2 )y∗(Qz3))
∥∥∥
= inf
IQi ,IQ2
DQ1(Q2,Q3, IQ1 , IQ2). (C6)
The same argument can be straightforwardly general-
ized to longer sequences. However, this result could
have been obtained straightforwardly by noticing that
we are restricted to mappings of the space into itself,
hence, the only invertible operations are unitary trans-
formations. It is not obvious how to extend it to arbi-
trary channels.
For the special case of qubit channels, we can prove
that every preprocessing is a free operation. This result
is based on the notion of commutativity preserving chan-
nel introduced in Ref. [87], where it was proven that any
qubit map Λ that is unital, i.e., Λ(1 ) = 1 , preserve the
commutativity of Hermitian operators, namely [A, B] =
0 implies [Λ(A),Λ(B)] = 0 for any A, B. The argument
is very simple and we, thus, summarize it here. Since
[A, B] = 0, they have a commong eigenbases, hence the
condition [Λ(A),Λ(B)] = 0, for all A, B, is equivalent to
the condition [Λ(|φ〉〈φ|),Λ(|ψ〉〈ψ|)] = 0, for all |φ〉 , |ψ〉
with 〈φ|ψ〉 = 0. By linearity, the latter can be written
as 12 [Λ(|φ〉〈φ|) + Λ(|ψ〉〈ψ|),Λ(|φ〉〈φ|) − Λ(|ψ〉〈ψ|)] =
1
2 [Λ(1 ),Λ(|φ〉〈φ|)− Λ(|ψ〉〈ψ|)], hence it is always zero
if Λ(1 ) = 1 . To conclude, it is sufficient to notice that
qubit POVMs are nondisturbing if and only if their ele-
ments commute [25].
A natural question is what happens if one has local,
instead of global, preprocessing, namely, the applica-
tion of the channel to a single measurement in the se-
quence. Clearly, a general local preprocessing will not
be a free operation, e.g., one can rotate just one of a
pair of commuting projective measurements and make
them mutually disturbing. In the following, we will
show that local preprocessing via the the depolarizing
channel, E∗dep(Qx1) = αQx1 + 1−αd tr
[
Qx1
]
1 , is a free op-
eration. Let us consider the measures of disturbance
DQ˜1(Q2) and DQ2(Q˜1) separately. For the latter quan-
tity we immediately have that DQ2(Q˜1) ≤ DQ2(Q1)
as
∥∥(Λ∗IQ2 − Id)(Q˜y1)∥∥ ≤ α∥∥(Λ∗IQ2 − Id)(Qy1)∥∥ follows
from the unitality condition Λ∗IQ2
(1 ) = 1 , valid for
all channels (TP property). For the other term, i.e.,
16∥∥(Λ∗I
Q˜1
− Id)Qy2
∥∥, we notice that any instrument of the
form Ix
Q˜1
= αIxQ1 +
1−α
d tr
[
Qx1
]
ΛD, for any choice of a
channel ΛD, will be a valid instrument for Q˜1 as again
Λ∗D(1 ) = 1 . By taking, in particular, ΛD = Id, we have∥∥(Λ∗I
Q˜1
− Id)(Qy2)
∥∥ = ∥∥αΛ∗IQ1 (Qy2) + (1− α)Qy2 −Qy2∥∥
= α
∥∥(Λ∗IQ1 − Id)(Qy2)∥∥,
(C7)
and thus we have DQ˜1(Q2) ≤ DQ1(Q2) since |α| ≤ 1.
This argument can be extended to arbitrary se-
quences of POVMs. Let us consider now a sequence
of three POVMs, with a fixed ordering Q1 → Q2 → Q3.
If the depolarizing channel is applied to Q1 or Q3, the
reasoning is identical to the case of two measurements
above. Let us then discuss the case of a depolarizing
channel applied to Q2 and define Q˜
y
2 := E∗dep(Q
y
2) =
αQy2 +
1−α
d tr
[
Qy2
]
1 . We define an instrument for Q2
like above as Iy
Q˜2
= αIyQ2 +
1−α
d tr
[
Qy2
]
ΛD, with ΛD
being any channel. To have a more compact notation,
we define IyD := 1d tr
[
Qy2
]
ΛD.
We can then write the disturbance quantifier for this
fixed sequence as the infimum over IQ1 , IQ˜2 of the ex-
pression
DQ˜2(Q3, IQ˜2) + DQ1(Q˜2,Q3, IQ1 , IQ˜2). (C8)
By substituting the definition of Q˜2, IQ˜2 , we have
∑
z
‖α(Λ∗Q2 − Id)Qz3 + (1− α)(Λ∗D − Id)Qz3‖+∑
yz
‖α(Λ∗Q1 − Id)(I∗Q2Q3)yz + (1− α)(Λ∗Q1 − Id)(I∗DQ3)yz‖
≤ α [DQ2(Q3, IQ2) + DQ1(Q2,Q3, IQ1 , IQ2)]+ (1− α)
[
∑
z
‖(Λ∗D − Id)Qz3‖+∑
yz
‖(Λ∗Q1 − Id)(I∗DQ3)yz‖
]
= α
[
DQ2(Q3, IQ2) + DQ1(Q2,Q3, IQ1 , IQ2)
]
+ (1− α)
[
∑
z
‖(Λ∗D − Id)Qz3‖+∑
z
‖(Λ∗Q1 − Id)Λ∗DQz3‖
]
.
(C9)
To conclude the proof, it is sufficient to choose
ΛD = ΛQ2 and to notice that DQ1(Q2,Q3, IQ1 , IQ2) ≥
DQ1(Λ
∗
Q2
Q3, IQ1). In fact,
DQ1(Λ
∗
Q2
Q3, IQ1) =∑
z
‖(Λ∗Q1 − Id)∑
y
(I∗Q2Q3)yz‖
≤∑
yz
‖(Λ∗Q1 − Id)(I∗Q2Q3)yz‖ = DQ1(Q2,Q3, IQ1 , IQ2).
(C10)
Since we proved all three cases, and the minimization
over instruments is done separately for each permuta-
tion, we can conclude that.
MR(Q˜1,Q2,Q3) ≤ MR(Q1,Q2,Q3). (C11)
Clearly, since the measure is symmetric under exchange
of its arguments, the same relation holds if we apply the
depolarizing channel to Q2 or Q3.
It is clear that such an argument can be extended to
longer sequences. Let us consider a sequence of n mea-
surements Q1, . . . ,Qn, where the depolarizing channel
is applied to some measurement s, i.e., Qs 7→ Q˜s. By
using the same choices of instruments for Q˜s as above,
i.e., ΛD = ΛQs , and for 1 < k < s < n, we have
17
∑
qk ,...,qn
‖(Λ∗Qk−1 − Id)(I∗Qk · · · I∗Q˜s · · · I
∗
Qn−1Qn)qk ...,qn‖
≤ α ∑
qk ,...,qn
‖(Λ∗Qk−1 − Id)(I∗Qk · · · I∗Qs · · · I∗Qn−1Qn)qk ...,qn‖
+(1− α) ∑
qk ,...,qn
‖(Λ∗Qk−1 − Id)(I∗Qk · · · I∗D · · · I∗Qn−1Qn)qk ...,qn‖
= α ∑
qk ,...,qn
‖(Λ∗Qk−1 − Id)(I∗Qk · · · I∗Qs · · · I∗Qn−1Qn)qk ...,qn‖
+(1− α) ∑
qk ,...,qs ,...,qn
‖(Λ∗Qk−1 − Id)(I∗Qk · · ·Λ∗Qs · · · I∗Qn−1Qn)qk ...qs ...qn‖
≤ ∑
qk ,...,qn
‖(Λ∗Qk−1 − Id)(I∗Qk · · · I∗Qs · · · I∗Qn−1Qn)qk ...qn‖, (C12)
where we used the same argument as in Eq. (C10) for
the last inequality. The case s = k is identical to the
above, and similarly for the case s = 1 and s = n.
As a consequence, we can conclude that the applica-
tion of a depolarizing channel is a free operation with
respect to the measure MR, independently of where it
is applied.
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